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Abstract. The paper is focused on modelling of the bolts in tension and plate in 
bending and of compressed plate in structural steel connection by analytical and 
finite element models. The procedure for creating a Design finite element model 
(DFEM) with shell elements and a Component based finite element model (CBFEM) 
with shell elements and component elements for bolts, weld, and compressed 
plate, is discussed. The proposed procedure is evaluated on published and 
performed experiments. 

1 INTRODUCTION 

End-plate joints are due to their simplicity and cost one of the most common connection 
type in steel structures. End-plate joints are usually designed using analytical component based 
method (CBM). This method allows relatively precise design of joints with usual geometry. 
Designed joint must contain only known components which are described in the design codes or 
literature. Another limitation of the CBM can be faced when the joint is loaded by combinations of 
internal forces, as some combinations (for example combination of strong and weak axis bending 
moments or combination with the axial force) are not supported. Silva (2008)  [1] creates a matrix 
that takes into account the influence of a combination of internal forces. However, this issue of 
interaction is inaccurate and complex form its principle and its approval  is just at the beginning. 

Design finite element model (DFEM) and Component based finite element model (CBFEM) 
are getting common for design of joints as an alternative solution. Application of Research finite 
element model (RFEM) is time-consuming. Introduction of non-linearity of the bolts, welds or 
compressed plates exhibiting stability problems bring difficulties. Prediction of failure of individual 
parts of the joint is unclear because of stress peaks. Despite these problems, many numerical 
models have already been created in the past [2]. These models were usually used for parametric 
studies and were based on the results of experiments. Results of these studies are useful, 
however these studies did not consider the possibility of using finite element method for everyday 
design of joints to make it available as an alternative approach to the design of joints using 
component method. This paper examines numerical models of bolts and compressed plates as 
first step to create the Component based model (CBM) and the Design finite element model (DFEM) 
or Component based finite element model (CBFEM) of end plate joint. 

2 BOLT IN TENSION AND PLATE IN BENDING 

2.1 Bolts in tension 

Several analytical models of bolts in tension have been developed. These analytical models 
consider linear behaviour with initial stiffness up to bearing capacity of the bolt.  The most commonly 
used procedure is the T stub model published in chapter 6 of EN1993-1-8:2008. For bolt elongation 
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developed Agerskov (1976) [3] an analytical model that considers the deformation of the shank and 
thread, nut and washers according to equations (1), (2), and (3), respectively. Initial stiffness is 
determined from the sum of deformations of these parts. 

 ∆lshank = ∆𝑙𝑠 + ∆𝑙𝑡 =
𝑁𝑡

𝐸𝐴𝑠
𝑙𝑠 +

𝑁𝑡
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2
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𝑙𝑤 (3) 

where subscripts n, s, t, w refer to nut shaft, thread and washer, respectively. 
Similar approach is used in the analytical model according to the German guideline VDI2230 [4] 

equations (4), (5), and (6) and according to Barron and Bickford (1998) [5] equation (7). These two 
models consider deformation caused by stripping of the threads in thread-nut contact area in addition. 
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in which db, dh, dw1 and dw2 denotes bolt shank diameter, head diameter, washers inner and outer 

diameters, respectively. Stiffness is determined from the sum of deformations lb and lw. 
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where f is a correlation factor determined by Swanson [6] as the average value 0,73. 
Simplified procedure is used in Eurocode 3 when constant cross-section corresponding to the core 

is used along entire length of the bolt which is taken as the clamping length. The stiffness calculated 
from these data is then reduced to 80%, see equation (8).  

 𝐾 =
0,8𝐸𝐴𝑡

𝑙𝑏
 (8) 

where 𝑙𝑏 = 𝑙𝑠 + 𝑙𝑡 +
𝑙ℎ+𝑙𝑛

2
 (9) 

and lh denotes length of the bolt head. 
In addition to these analytical models many numerical models of the bolts have been created. 

Many approaches that use different element types were applied to numerical models of the bolts 
in the past. Tarpy and Cardinal (1981) [7] created 2-D models and used shell elements for bolts. 
3-D models started to be used when powerful computers were available. In these models, spring 
elements were used by Bahaari and Sherbourne (1996) [8] and beam elements by Bursi and 
Jaspart (1998). 

Later, solid elements were applied to model of bolts. However, some simplifications were 
necessary in numerical models because of the time and computational limits. Kukretti  and Zhou 
(2006) [9] created a numerical model of the bolts, which neglected the washers and considered a 
constant nominal diameter of the bolt shank along the entire length. Chen and Du (2007)  [10] 
neglected washers in its model too and considered a constant effective diameter of the shanks 
along the entire length. Wheeler et al. (2000) [11] developed a model that considers the nominal 
diameter in the shank and effective diameter in the threaded part. Washers are usually 
introduced as increase of the height of the bolt head and nut. The length of the shank or the 
thread corresponds to total thickness of steel plates in all three above mentioned models. Gantes 
et al. (2003) [12] considered effective length of the shaft according to Agerskov’s model (1976). 
This model takes into account the deformation of the nut and thread. Washers in this model  are 
considered by increasing the height of the bolt head and nut. 

Wu et al. (2012) [13] tried to create the accurate model of the bolt, in which the separate 
washers and the thread are modelled. This model cannot be used in the T-stub or the joint model 
due to its complexity. The results were compared to the results of the four above-mentioned 
simplified models. Based on this comparison, new simplified model based on the model by 



Lukáš Gödrich, Marta Kurejková, František Wald and Zdeněk Sokol 

  3  

Wheeler et al. (2000) was created. The washers were introduced as increased he ight of the bolt 
head and nut but were separated from the bolt shank in this model. This modification takes into 
account the correct length of the bolt shank and the model exhibits more accurate behaviour. 

2.2 Finite element model of initial stiffness 

Numerical model is created in Midas FEA software. A solid numerical model of the bolt was 
created first and spring model was created based on the results of solid model. Spring model is much 
easier to create and less time consuming. Both bolts models were integrated into the T-stub model 
and the results of both models were compared. 

Solid numerical model is based on the model by Wu et al. (2012). Nominal diameter is considered 
in the shank and effective core diameter is considered in the threaded part. Washers are coupled with 
bolts head and nut. Deformation caused by stripping of the threads in thread-nut contact area is 
simply modelled using interface elements. These interface elements are unable to transfer tensile 
stresses. Constant shear modulus was determinate to 7000N/mm3 and normal stiffness modulus in 
compression is determinate as 10E/a where E is Young’s modulus and is the element size. Numerical 
model was calibrated according to results of Wu et al. (2012) model and several analytical models. 

 

Figure 1: Parametric study of bolts initial stiffness, parameter shank length 

Calibration of numerical model was done on bolt M20 with thread length of 10 mm and shank 
length as variable parameter. Comparison of the results is shown in Figure 1. Developed numerical 
model shows good agreement with model by Wu et al. Analytical model according to the VDI2230 fits 
good to results of numerical models and it is used for the other parametric studies of developed 
model. Parametric study for bolt M20 with shank length 20 mm was done. Thread length was a 
parameter in this case. Initial stiffness of developed numerical model was compared to analytical 
models because there were no data of numerical model by Wu et al. for this case of study. Results of 
parametric study of thread length are shown in Figure 2. 

The same parametric studies were done for bolts M16, M24, M27 and M30. Initial stiffness 
calculated by the developed numerical model fits to results of analytical model according to the 
German VDI2230 very good in all cases. 
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Figure 2: Parametric study of bolts initial stiffness, parameter thread length 

2.3 Force-deformation diagram 

Bilinear stress-strain diagrams were used in the second step. Bolt grades 4.6, 5.6, 8.8 and 10.9 
were investigated. Characteristic values for yield stress fy and ultimate strength fu were considered. 
Maximal plastic strain is considered 5%. Some bolts shows bilinear or in some cases trilinear 
behaviour up to design tensile resistance according to EC. Such behaviour shows bolts of material 

with ratio fu/fy higher than M2/k2=1,25/0,9=1,39. Above mentioned analytical models consider only 
linear behaviour of bolt. Therefore, analytical model according to the VDI2230 was extended. Force-
displacement diagram of bolt according to extended analytical model is shown on Figure 3. Initial 
stiffness Eini is considered according to the VDI2230. Forces Fy,t, Fy,s, and Fu,t, correspond to 
initialization of thread yielding, shank yielding and threat rupture, respectively. Plastic deformations of 

the thread pl,t and shank pl,s are given by Eq. (10), (11). Shank yielding occurs only in some cases.  

 δpl,t =
𝐹−𝐹𝑦,𝑡

𝐸𝑝𝑙𝐴𝑡
(𝑙𝑡 − 𝑐𝑑𝑡) (10) 

 δpl,s =
𝐹−𝐹𝑦,𝑠

𝐸𝑝𝑙𝐴𝑠
𝑙𝑠 (11) 

In the above formulas, At, As, lt, ls, and dt denotes thread cross section area, shank cross section 
area, length of thread, length of shank and threaded part diameter, respectively. Correlation factor c 
considers unequal stresses distribution in the threaded part shown in Figure 4. Its value depends on 
bolt grade, ls/lt ratio and is in range from 0,3 to 0,6. Plastic modulus Epl is given by equation (12). 

 Epl =
𝑓𝑢−𝑓𝑦

𝜀𝑝𝑙
 (11) 
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Figure 3: Force-displacement diagram according to developed analytical model 

 

 

Figure 4: Unequal stresses distribution in the threaded part of the bolt 

Comparison of force-displacement diagrams is shown in Figure 5. This comparison is made for 
two bolts M24 grade 8.8 with length of the shank 50 mm. The graph on the left shows the force-
displacement diagram for bolt with thread length of 17,6 mm and the graph on the right shows force-
displacement diagram for bolt with thread length of 28,2 mm.  
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 a)  b) 

Figure 5: Force-displacement diagrams for bolts M24 grade 8.8. Thread length 17,6 mm a), 
thread length 28,2 mm b). 

2.4 T-stub  

The accuracy of the bolts behaviour was subsequently validated on experiments of two T-stubs 
performed at the CTU Prague. T-stubs were made from hot-rolled sections HEB300 and HEB400 and 
were connected by two bolts M24 8.8. Two different numerical models have been created. The first 
numerical model considers a detailed solid model of the bolt, shown in Figure 6a. One quarter of the 
sample was modelled for the reason of symmetry. Comparison of results of the numerical models to 
experimental results for both experiments are shown on graphs in Figure 7. 

 a)  b) 

Figure 6: T-stub model a) with solid element bolts, b) with spring element bolts 
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 a)  b) 

 

Figure 7: Force-deformation diagrams for T-stubs, HEB300 sample a), HEB400 sample b). 

The spring elements are used for the bolts in second model, see Figure 6b. Rigid elements are 
used on the ends of spring to transmit forces into the flange of the T-stub. Bilinear stress-strain 
diagram according to the proposed analytical model has been set for spring elements. Connection 
point of rigid elements to the flange significantly affects the behaviour of T-stub. The graphs in Figure 
8 show influence of the radius of the rigid elements. Three different radii of rigid elements were 
chosen. The first corresponds to bolt-hole radius, the second corresponds to outer radius of the bolt 
head and the third corresponds to middle radius of the bolt head. It is clear that the radius of the rigid 
elements corresponds to middle radius of the bolt head shows the best agreement with experiment. 
Model with spring element bolts shows a slightly smaller stiffness compared to model with solid 
element bolts, see Figure 9. This is due to omitted bending stiffness of the spring elements. 

 

 
 

Figure 8: Influence of the radius of the rigid elements to T-stub deformation 
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Figure 9: Comparison of solid elements bolt model and spring elements bolt model  

 

4 COMPRESSED PLATES 

4.1 Models 

Generally the design of compressed plates could be solved by two approaches. The first one is 
based on geometric and material nonlinear analysis with imperfections. Modelling of imperfections in 
complex connections may be complicated task and the analysis is time-consuming. The second 
approach is based on material nonlinear and geometric linear analysis without imperfections and 
manual verification of compressed slender plates. For the verification is proposed to use reduced 
stress method provided in EN 1993-1-5 [14]. The verification is based on the von-Mises yield criterion 
and sums up the load effects of normal and shear stresses 

 (
𝜎𝑥,𝐸𝑑

𝜌𝑥𝑓𝑦 𝛾𝑀1⁄
)
2

+ (
𝜎𝑧,𝐸𝑑

𝜌𝑧𝑓𝑦 𝛾𝑀1⁄
)
2

− (
𝜎𝑥,𝐸𝑑

𝜌𝑥𝑓𝑦 𝛾𝑀1⁄
) (

𝜎𝑧,𝐸𝑑

𝜌𝑧𝑓𝑦 𝛾𝑀1⁄
) + 3 (

𝜏𝐸𝑑

𝜒𝑤𝑓𝑦 𝛾𝑀1⁄
)
2

≤ 1 (13) 

4.2 Verification  

The verification procedure is divided in four steps. In first step is performed the material nonlinear 
analysis without imperfections of the connection model. In second step is a compressed plate 
separated from the connection and the boundary condition and stress distribution are determined. In 
the next step is carried out linear buckling analysis to obtain the first eigenmode and critical buckling 
factor of the separated plate. In the last step are determined reduction factors ρx, ρz and χw for 
longitudinal, transverse and shear stress and the plate is verified using reduced stress method. 

An example of numerical model with triangular stiffener in beam-column connection is shown in 
Figure 10. The numerical model is created in Dlubal RFEM software, using shell elements and 
bilinear material model with strain hardening. The plasticization in stiffener is significant, although it is 
not clear, if the ultimate resistance is reached.  
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Figure 10: Von-Mises stress distribution for beam-to-column joint  

The triangular stiffener is taken out of the model, boundary conditions are chosen CCF (clamped, 
clamped, free edge) and the stress distribution is applied, as shown in Figure 11a).In Midas FEA 
software are for the given boundary conditions and stress distribution calculated first eigenmode and 
critical buckling factor as shown in Figure 11b). 

 

 

 

Figure 11: Triangular stiffener  
a) boundary conditions and stress distribution b) first eigenmode 

Reduction factors for longitudinal, transverse and shear stress may be determined from buckling 
curves according to EN 1993-1-5 or using geometric and material nonlinear analysis. Buckling curves 
are verified for square or rectangular plates but not for non-regular shapes as triangular. For this 
example are reduction factors determined in Midas FEA. Finally the sum of the load effects shows 
that the verification is not satisfied and ultimate strength is overstepped.  

 

5 CONCLUSIONS 

The current analytical models consider only linear behaviour of the bolts. This simplification 
may be inaccurate, especially for bolts of materials with the fu/fy ratio higher than 

M2/k2 = 1,25/0,9 = 1,39 for the Design finite element model (DFEM) or Component based finite 
element model (CBFEM). Analytical model according to the VDI2230 was extended to plastic 
deformations. Detailed numerical model can be used for an accurate description of the behaviour 
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of the bolts. Numerical model, based on the model by Wu et al. (2012) was created. Developed 
numerical model differs by using interface elements to consider deformation caused by stripping of 
the thread in the thread-nut contact area. The proposed numerical model is much less time 
consuming. Despite the simplification, a detailed numerical model is still very time consuming and 
cannot be used for everyday design, therefore spring model of the bolt was created. Rigid 
elements are used at the ends of the spring elements to transmit forces into the flange. The 
spring model was validated by the results of T-stub experiments. The Research finite element 
model (RFEM)of T-stub with spring element bolts shows slightly lower stiffness because of 
neglected bending stiffness. Differences in stiffness are negligible and can be ignored. The spring 
element bolt is time-saving and can be advantageously used for the design by CBM, DFEM, and 
CBFEM of end-plate joints. 

It is proposed to use the reduced stress method for the Design finite element model (DFEM) or 
Component based finite element model (CBFEM) of compressed plates in connections. The 
verification example shows that compressed plates could be in finite element models designed 
without applying imperfections. Essential part of the following research is verification of buckling 
curve for non-regular plate shapes such as triangular. Using the buckling curve instead of 
nonlinear analysis will reduce the calculation time. The procedure will be validated on the 
published and newly prepared experiments of stiffeners with different types of support, free edge, 
partially stiffened and clamped. 

 

ANNOUNCEMENT 
The work was prepared under work the project MERLION of Czech Republic Technical 
No. TA02010159. 

 

REFERENCES 
 

[1] Simoes da Silva, L.:Towards a consistent design approach for steel joints under generalized 
loading, Journal of Construction Steel Research, Vol. 64, pp. 1059-1075, (2008). 

[2] Bursi, O. S. and Jaspart, J. P.:Basic issues in the finite element simulation of extended end plate 
connections, Computer & Structures, Vol. 69, No. 3, pp. 361-382, (1998). 

[3] Agerskov, H.:High-strength bolted connections subject to prying, Journal of Structural Division, 
ASCE, Vol. 102, No. 1, pp. 161-175, (1976). 

[4] VDI2230 Systematic Calculation of high Duty Bolted Joints – Joints with One Cylindrical Bolt, 
Association of German Engineers, Berlin, Germany, (2003). 

[5] Barron, J. and Bickford, J. H.: Handbook of Bolts and Bolted Joints: Computing the Strength of a 
Fasteners. Marcel Dekker, Inc. (1998). 

[6] Swanson J.A.:Characterization of the strength, stiffness and duktility behavior of T-stub 
connections. Ph.D. dissertation. Atlanta (USA): Georgia Institute of Technology; (1999). 

[7] Tarpy, T. S. and Cardinal J. W.:Behavior of semi-rigid beam-to-column endplate connectins. 
Joints in Structural Steelwork, Pentech Press, London,(1981). 

[8] Bahaari, M. R. and Sherbourne, A. N.:Structural behavior of end-plate bolted connections to 
stiffened columns, Journal of Structural Engineering, Vol. 122, No. 8, pp. 926-935, (1996). 

[9] Kukreti, R. and Zhou F. F.:Eight-bolt endplate connection and its influence on frame behavior, 
Engineering Structures, Vol. 28, No. 11, pp. 1483-1493, (2006). 

[10] Chen, S. M. and Du, G.:Influence of initial imperfection on the behavior of extended bolted end-
plate connections for portal frames, Journal of Construction Steel Research, Vol. 63, No. 2, pp. 
211-220, (2007). 

[11] Wheeler A. T., Clarke M. J., and Hancock, G. J.:FE Modeling of Four-bolt Tubular Moment End-
plate Connections, Journal of Structural Engineering, Vol. 126, No. 7, pp. 816-822, (2000). 

[12] Gantes, C. J. and Lemonis, M. E.:Influence of equivalent bolt length in finite element modeling of 
T-stub steel connections, Computer & Structures, Vol. 81, No. 8-11, pp. 595-604, (2003). 

[13] Wu, Z., Zhang, S. and Jiang, S.: Simulation of tensile bolts in finite element modeling of semi-
rigid beam-to-column connections, International Journal of Steel Structures, Vol. 12, No. 3, pp. 
339-350, (2012). 

[14] EN 1993-1-5, Eurocode 3: Design of steel structures - Part 1-5: Plated Structural Elements, 
(2007). 

 

http://www.sciencedirect.com/science/article/pii/004579497690016X
http://www.sciencedirect.com/science/article/pii/004579497690016X
http://link.springer.com/search?facet-author=%22Zhaoqi+Wu%22
http://link.springer.com/search?facet-author=%22Sumei+Zhang%22
http://link.springer.com/search?facet-author=%22Shao-Fei+Jiang%22

